We explicitly determine all the two-dimensional weak pseudomanifolds on 8 vertices. We prove that there are (up to isomorphism) exactly 95 such weak pseudomanifolds, 44 of which are combinatorial 2-manifolds. These 95 weak pseudomanifolds triangulate 16 topological spaces. As a consequence, we prove that there are exactly three 8-vertex two-dimensional orientable pseudomanifolds which allow degree three maps to the 4-vertex 2-sphere.
Introduction
Recall that a simplicial complex (in short, complex) is a collection of non-empty finite sets such that every non-empty subset of an element is also an element. For i ≥ 0, the elements of size i + 1 are called the i-simplices of the complex. For i = 1, 2, the i-simplices are also called the edges and triangles of the complex, respectively. For a complex X, the maximum of k such that X has a k-simplex is called the dimension of X. The union of all the simplices of a complex X is called the vertex-set of X and is denoted by V (X). If X 1 and X 2 are two complexes, then a simplicial map from X 1 to X 2 is a map ϕ : V (X 1 ) → V (X 2 ) such that σ ∈ X 1 implies ϕ(σ ) ∈ X 2 . A bijection π : V (X 1 ) → V (X 2 ) is called an isomorphism if both π and π −1 are simplicial. Two complexes X 1 , X 2 are called (simplicially) isomorphic when such an isomorphism exists. We identify two complexes if they are isomorphic. An isomorphism from a complex X to itself is called an automorphism of X. All the automorphisms of X form a group, which is denoted by Aut(X). Two simplicial maps f, g : X 1 → X 2 are said to be equivalent (denoted by f ∼ = g) if there exist ϕ ∈ Aut(X 1 ) and ψ ∈ Aut(X 2 ) such that ψ • f • ϕ = g.
Elements of V (X)
A d-dimensional simplicial complex X is called a d-dimensional weak pseudomanifold if each simplex of X is contained in a d-simplex of X and each (d − 1)-simplex of X is contained in exactly two d-simplices of X. A d-dimensional weak pseudomanifold X is called a pseudomanifold (without boundary) if for any pair σ , λ of d-simplices of X, there exists a sequence τ 1 , . . . , τ n of d-simplices of X, such that σ = τ 1 , λ = τ n and τ i ∩ τ i+1 is a (d − 1)-simplex of X for 1 ≤ i ≤ n − 1. (P 1 and P 2 , given in §2, are pseudomanifolds but Q 1 and Q 2 are not.)
A simplicial complex is usually thought of as a prescription for the construction of a topological space by pasting together geometric simplices (see §3 for finite complexes, [8] and [11] for the general case). The space thus obtained from a complex K is called the geometric carrier of K and is denoted by |K|. We also say that K triangulates |K|.
For any set V on d + 2 (≥ 2) elements, let K be the simplicial complex whose simplices are all the non-empty proper subsets of V . Then |K| is homeomorphic to the sphere S d . This complex is called the standard d-sphere and is denoted by S d d+2 (V ) or simply by S d d+2 . A finite complex X is called a combinatorial d-sphere, if |X| is PL-homeomorphic to |S d d+2 | [10] . Clearly, a finite one-dimensional complex is a combinatorial 1-sphere if and only if it is a pseudomanifold. For n ≥ 3, the combinatorial 1-sphere with n vertices is unique and is denoted by C n . The complex C n is also called an n-cycle. An n-cycle with edges v 1 v 2 , . . . , v n−1 v n , v n v 1 is also denoted by C n (v 1 
, . . . , v n ).
If v is a vertex of a simplicial complex X, then the link of v in X, denoted by Lk X (v) , is the complex whose simplices are those simplices τ of X such that v ∈ τ and {v} ∪ τ is a simplex of X. The number of vertices in the link of v is called the degree of v and is denoted by deg (v) . Clearly, the link of a vertex in a d-dimensional weak pseudomanifold is a (d − 1)-dimensional weak pseudomanifold.
A finite simplicial complex X is called a combinatorial d-manifold if |X| is a ddimensional PL-manifold (without boundary), i.e., Lk X (v) is a combinatorial (d − 1)-sphere for each vertex v in X [7, 10] . So, X is a combinatorial 2-manifold if the link of each vertex is a cycle. We also know (e.g., see [7] ) that a finite simplicial complex K is a combinatorial 2-manifold if and only if |K| is a two-dimensional topological manifold.
A vertex of a finite two-dimensional weak pseudomanifold is called singular if its link is not a cycle (and hence consists of more than one cycle). So, a two-dimensional weak pseudomanifold is not a combinatorial manifold if and only if it contains a singular vertex.
(In each of P 1 , P 2 , Q 1 and Q 2 , 7 is a singular vertex.)
A
combinatorial 2-manifold X is called d-equivelar if each vertex of X has degree d. A combinatorial 2-manifold is called equivelar if it is d-equivelar for some d.
If the number of i-simplices
This m is called the degree of ϕ and is denoted by deg(ϕ) [11] .
Let K be a two-dimensional pseudomanifold and ϕ : K → S 2 4 be a simplicial map. If ϕ(u) = ϕ(v) for each edge uv of K then ϕ is called a 4-coloring [12] .
It is known (e.g., see [3, 5] ) that if the number of vertices of a two-dimensional weak pseudomanifold M is at most 6 then M is a combinatorial 2-manifold and M is isomorphic to S 1 , . . . , S 4 or R 1 (given in §2).
In [5] , we have seen that there are exactly nine 7-vertex combinatorial 2-manifolds and four 7-vertex two-dimensional weak pseudomanifolds which are not combinatorial 2-manifolds. Among the four non-manifolds two are pseudomanifolds, which triangulate the pinched sphere (the space obtained by identifying two points of S 2 ).
In [6] , we have determined all the equivelar combinatorial 2-manifolds on at most 11 vertices. There are 27 such equivelar combinatorial 2-manifolds.
Altshuler and Steinberg [2] showed that there are fourteen 8-vertex combinatorial 2-spheres. Cervone [4] showed that there are exactly six 8-vertex combinatorial 2-manifolds, which triangulate the Klein bottle. It is known (e.g., see [7, 9] [3] , which determine all the d-dimensional weak pseudomanifolds on at most d + 4 vertices, classify all the d-dimensional (d = 3) weak pseudomanifolds on less than or equal to 8 vertices. Moreover, Theorem 1.1 together with Proposition 3.1, the results in [1] , which classify all the combinatorial 3-manifolds on at most 8 vertices and the results in [3] classify all the combinatorial manifolds on less than or equal to 8 vertices.
In §2 we present all the two-dimensional weak pseudomanifolds on at most 8 vertices. In §3 we give some definitions, constructions and results which we shall need later. In §4 we consider combinatorial manifolds and prove Theorem 1.1. In §5 we consider weak pseudomanifolds which are not combinatorial manifolds and prove Theorem 1.2. In §6 we prove Corollary 1.3 and Theorem 1. If X is a finite simplicial complex then one defines a geometric realization of X as follows: Let V (X) = {v 1 , . . . , v n }. We choose a set of n points {x 1 , . . . , x n } in R N (for some N) in such a way that a subset S = {x j 1 . . . , x j i+1 } of i + 1 points is affinely independent if σ = v j 1 · · · v j i+1 is a simplex of X. The convex set spanned by S is called the geometric carrier of σ or the geometric simplex corresponding to σ and denoted by |σ |. Since X is finite we can choose N so that σ ∩ γ = ∅ implies |σ | ∩ |γ | = ∅. The set X := {|σ| : σ ∈ X, σ ∩ γ = ∅ ⇒ |σ| ∩ |γ | = ∅} is called a geometric simplicial complex corresponding to X or a geometric realization of X. The topological space |X| := ∪ σ∈X |σ | is called a geometric carrier of X. Clearly, if two finite complexes have a common geometric realization, then they are isomorphic and isomorphic finite complexes have homeomorphic geometric carriers [8] . We identify a complex with its geometric realization. 
S 2 S 2
If M is an n-vertex two-dimensional weak pseudomanifold with f 1 edges and f 2 triangles then 3f 2 = 2f 1 . Therefore,
In [5] , we have seen the following:
There are exactly 13 distinct two-dimensional weak pseudomanifolds on 7 vertices, namely,
Altshuler and Steinberg [2] showed the following:
There are exactly 14 distinct combinatorial 2-spheres on 8 vertices, namely, S 10 , . . . , S 23 .
If X 1 , X 2 are two simplicial complexes with disjoint vertex sets, then their join X 1 * X 2 is the complex whose simplices are those of X 1 and X 2 and the unions of simplices of X 1 with simplices of X 2 . If both X 1 and X 2 are pseudomanifolds then so is X 1 * X 2 [3] . Let M, N be two simplicial complexes with If τ 1 = abc and τ 2 = xyz are two disjoint 2-simplices of a two-dimensional simplicial
denotes the complex whose 2-simplices are abv, acv, bcv, xyv, yzv, xzv and those of M other than τ 1 and τ 2 . Observe that we get P 33 from P 2 and P 39 from T 1 by this process.
From these definitions one gets the following:
Let M be obtained from M by identifying two vertices u and v. 
PROPOSITION 3.5
Let M 1 and M 2 be two-dimensional weak pseudomanifolds.
Proof. (a) follows from the definition of the degree of a simplicial map.
By the same argument as in
4 be a simplicial map, where K is an m-vertex two-dimensional weak pseudomanifold and S 2 4 is the standard 2-sphere (with 2-simplices σ 1 , . . . , σ 4 ). The map ϕ is said to be of type (n 1 , n 2 , n 3 , n 4 ) if n i is the number of triangles (in K) with image σ i (1 ≤ i ≤ 4) and n 1 ≥ n 2 ≥ n 3 ≥ n 4 .
Proof of Theorem 1.1
Throughout this section M is an 8-vertex combinatorial 2-manifold.
The first lemma follows from the description of R 2 , R 3 and R 4 in §2. 
where
Here 
Similarly in the other cases M is isomorphic to one of the following: v 1 v 2 v 6 is a simplex gives isomorphic  complexes) . Then, by repeated use of the claim, the following are the possibilities for the remaining 6 triangles.
So, in this case, M is isomorphic to R 13 , R 14 , R 15 or R 16 . This proves the lemma. v 0 , v 3 , v 6 , v 7 , v 4 ) . These give more than 14 triangles, which is not possible. So, Lk(v 7 ) = C 6 (v 2 , v 4 , v 5 , v 6 , v 1 , v 3 ) . Then M is isomorphic, via the map (v 0 , v 2 , v 5 )(v 7 , v 3 , v 4 , v 1 , v 6 ) , to R 19 .
Case II. v 1 v 2 v 7 is a simplex. Since the degree of each vertex is more than 3, the 2-simplex ( = v 0 v 3 v 4 ) containing v 3 v 4 is v 1 v 3 v 4 , v 3 v 4 v 6 or v 3 v 4 v 7 .
In the first case, by similar argument as above, M is isomorphic to R 18 or R 20 . 
, a contradiction. This proves the claim.
Since v 2 v 3 v 4 is not a simplex, by the claim, Lk( 6 ). In the first case, the links of the remaining vertices are complete. These imply that f 2 (M) = 14 and hence χ(M) = −1, a contradiction. In the second case, Lk(v 6 
. Then no more 2-simplices are possible. These imply that f 2 
These complete all the links of the remaining vertices. In this case, f 2 (M) = 14, a contradiction. Hence, the 2- 
Similarly, for 1 ≤ i < j ≤ 6, K i ∼ = K j implies that the degree sequence of K i is the same as the degree sequence of K j and hence (i, j ) = (2, 4) . If α is an isomorphism from
Repeating the above argument we find that for 5 ≤ i < j ≤ 20, R i ∼ = R j implies (i, j ) = (5, 10), (14, 16) or (18, 19) . In R 19 , both the degree 4 vertices form an edge but that is not the case in R 18 . Thus,
If, for 10 ≤ i < j ≤ 23, S i ∼ = S j then the degree sequence of S i is equal to the degree sequence of S j . This implies that i = 16 and j = 18. Now, if γ is an isomorphism between S 16 and S 18 , then γ takes vertices of degree 3 in S 16 to vertices of degree 3 of S 18 . Observe that the links of the vertices of degree 3 of S 16 have a vertex of degree 4 whereas those of S 18 have no vertex of degree 4. This shows that such a γ does not exist. Hence, S i ∼ = S j for 10 ≤ i = j ≤ 23.
The lemma now follows from the fact that S i (10
triangulates the Klein bottle and |D| is disconnected.
2
Proof of Theorem 1.1. Let M be an 8-vertex combinatorial 2-manifold. Then 
Proof of Theorem 1.2
Throughout this section M is an 8-vertex two-dimensional weak pseudomanifold which is not a combinatorial 2-manifold. In the second case, Lk(
Case II. Assume, without loss of generality, that the second 2-simplex containing In the first case, M is P 29 , P 30 or P 31 .
In the second case, M is isomorphic to P 32 , P 35 or Q 14 . In the first case, M is isomorphic to P 37 . In the second case, M is isomorphic to P 38 . Similarly
, then M is P 23 , P 25 , P 6 , P 11 , P 4 , P 9 , P 3 , P 15 , P 13 , Q 7 , Q 8 , P 34 or P 28 respectively.
If Proof. First, we observe that all the P i 's (1 ≤ i ≤ 39) are pseudomanifolds, while all the Q i 's (1 ≤ i ≤ 16) are not pseudomanifolds.
For 3 ≤ i < j ≤ 39, P i ∼ = P j implies that the degree sequences of P i and P j are the same and the singular degree sequences of P i and P j are the same and hence, from the description of P i 's in §2, (i, j ) ∈ {(17, 18), (19, 20), (22, 25)}.
If there exists an isomorphism α : P 17 → P 18 , then α(v 0 ) = v 0 (since, these are the only singular vertices). In P 17 , each of the C 3 's in the link of v 0 has a vertex of degree 4, while only one C 3 in Lk(v 0 ) in P 18 has a vertex of degree 4. Therefore, α is not an isomorphism.
If β : P 19 → P 20 is an isomorphism, then β(v 0 ) = v 0 (since, these are the only singular vertices). We see that Lk(v 0 ) in P 19 has a vertex (namely, v 3 ) of degree 4 whereas Lk(v 0 ) in P 20 has no vertex of degree 4. So, P 19 ∼ = P 20 .
If there exists an isomorphism ψ : P 22 → P 25 , then ψ(v 7 ) = v 7 (since, these are the only singular vertices of degree 7). In P 25 the link of v 7 has a C 3 all of whose vertices have degree 6 but the link of v 7 in P 22 has no such C 3 . So, P 22 ∼ = P 25 .
For 3 ≤ i < j ≤ 16, Q i ∼ = Q j implies that the degree sequences of Q i and Q j are the same and hence, from the description of Q i 's in §2, (i, j ) = (6, 7).
Two degree 3 vertices in Q 6 form an edge but that is not the case in Q 7 . Thus, Q 6 ∼ = Q 7 . This completes the proof of the lemma.
Proof of Theorem 1.2. Let M be a two-dimensional 8-vertex weak pseudomanifold which is not a combinatorial 2-manifold. Then M has a singular vertex. First consider the case when M has a singular vertex, say v 0 , of degree 7. Then the link of v 0 is of the form Also (from the pictures in §2) Q 1 , Q 3 and Q 4 triangulate the union of two S 2 's having one point in common, Q 2 , Q 5 , . . . , Q 10 triangulate the union of two S 2 's having two points in common, Q 11 , Q 12 and Q 13 triangulate the union of two 2-spheres having three points in common, Q 14 and Q 15 triangulate the union of two 2-spheres having four points in common, Q 16 triangulates the union of S 2 and RP 2 having three points in common. These, Proposition 3.1 and Theorem 1.2 imply Corollary 1.3(ii).
Proof of Theorem 1.4. Let ϕ : K 2 n → S 2 4 be a simplicial map, where K 2 n is an oriented n-vertex two-dimensional pseudomanifold and S 2 4 is the 4-vertex 2-sphere with an orientation.
If n ≤ 7, then there exists a vertex, say a, of S 2 4 whose inverse image contains less than 2 vertices and hence there exists a triangle through a whose inverse image contains less than 3 triangles. Thus, deg(ϕ) < 3. If deg(a 1 ) ≥ deg(a 2 ), then (a 1 , a 2 ) ∈ {(v 1 , v 5 ), (v 2 , v 0 ), (v 4 , v 7 ), (v 6 , v 3 )}. We observe that (v 1 , v 2 )(v 5 , v 0 ), (v 1 , v 4 )(v 5 , v 7 ), (v 1 , v 6 )(v 3 , v 5 ), (v 2 , v 4 )(v 0 , v 7 ), (v 2 , v 6 )(v 0 , v 3 )  and (v 4 , v 6 )(v 0 , v 3 ) are all automorphisms of S 15 . So, we may assume that (a 1 , a 2 ) =  (v 1 , v 5 ), (b 1 , b 2 ) = (v 2 , v 0 ), (c 1 , c 2 ) = (v 4 , v 7 ) and (d 1 , d 2 ) = (v 6 , v 3 ). Then (up to an equivalence), ϕ = f . The theorem now follows from Example 2.1.
2 Remark 6.3. Some of the steps in the proofs of the lemmas in §4 and 5 are similar to the others. Hence we have omitted these details for the sake of brevity. Complete proofs are available with the authors.
